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Abstract 

In this article we derive the anomalous magnetic moment of fermions in 
(2+l)-dimensional parity-conserving QED3, in the presence of an externally 
applied constant magnetic field. We use a spectral representation of the 
photon propagator to avoid infrared divergences. We also discuss the scaling 
with the magnetic field intensity in the case of strong external fields, where 
there is dynamical mass generation for fermions induced by the magnetic field 
itself (magnetic catalysis). The results of this paper may be of relevance to 
the physics of high-temperature superconductors. 



1 Introduction 



Three dimensional gauge theories find interesting physical applications to 
the physics of planar high-temperature superconductors and more general 
doped planar antiferromagnets pp. On the other hand, three dimensional 
field theories may be used as toy models for four dimensional physics in 
many respects, for instance to get some information on the treatment of non 
perturbative effects of gauge theories 

Odd dimensional field theories are characterised in general by the anoma- 
lous breaking of the discrete symmetries of Parity (P) and/or Time reversal 
(T), and this may have profound physical consequences for the relevant sys- 
tems. For instance there is a long and, in our opinion, still outstanding debate 
as to whether parity is broken spontaneously or anomalously by the ground 
state of high-temperature superconductors, whose physics may be modeled 
in some respect by three-dimensional gauge field theories. 

In this last respect we mention that current theoretical models of high- 
temperature superconductors are based on the fact that such systems are 
characterised by nodal points in their surfaces, i.e. points in momentum 
space where some energy gap function vanishes. Linearisation about such 
points results in relativistic models of high temperature superconductivity, 
which have been proposed some time ago j3] , and recently have been revived 
from a rather different perspective ^ . 

An important feature of the antiferromagnetic nature of the system, or 
the way the continuum field-theoretic limit is taken, is the doubling of the 
relevant fermion species which represent charged degrees of freedom in a 
spin-charge separation framework. Indeed, the continuum degrees of free- 
dom of the resulting (2-1-1 )-dimensional field theory are two 2-component 
fermions, \E'i,\E'2, coupled to a statistical gauge field, representing magnetic 
interactions in the underlying condensed-matter system, and interacting with 
external electromagnetic field, since the fermions (holons) represent charged 
excitations ^. 

The presence of an even number of fermion species implies a parity- 
conserving model as far as the fermion mass is concerned. This is because 
in that case, parity can be defined in an extended way so as to exchange 
fermion species, thereby leading to a parity-invariant mass. The two compo- 

^In some other approaches these fermions are electrically neutral, and it is the bosons 
in a spin-charge separation framework that are electrically charged. In the present article 
we shall not discuss such models. 
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nent fermions may be combined to a four-component spinor ip = "^2), in 
which parity invariant mass term is simply miptlj. Depending on the 

details of the underlying statistical model one may also have more than one 
"flavour" of these four component spinors. 

The dynamical generation of a parity -invariant mass for fermions seems 
to be preferred energetically due to the Vafa-Witten theorem jU], in the ab- 
sence of externally applied fields. This defines then a P-invariant ground 
state. However, from a physical point of view high-temperature supercon- 
ducting materials are strongly type II superconductors, which implies that 
when an external magnetic field is applied, the magnetic lines will penetrate 
the material in its superconducting phase significantly. As a consequence, it 
makes sense to consider the effects of an external magnetic field on holons 
in their superconducting state. This brings up the question as to whether 
a parity-violating mass can be generated dynamically under the influence of 
the external field, since in that case the Vafa-Witten theorem is inapplicable. 

Experimentally there are indications that parity violation (in the form of 
resultant edge chiral currents in the superconducting planar materials) may 
occur in such circumstances. According to the models of OlZj, however, a 
superconducting phase is characterised by massive charged fermions (holons) 
with a parity-conserving mass. In fact it has been argued that it is the nodal 
relativistic fermions that play a crucial role in the passage from the pseudogap 
to the superconducting phase [S]. Even in the presence of a magnetic field, 
which catalyzes the fermion mass generation, the parity conserving mature of 
the magnetically-induced fermion mass gap can be maintained in a consistent 
way 0. 

It is therefore natural to inquire whether there is a possibility that parity 
is violated upon the application of external magnetic fields in the effective 
field theoretic continuum action of high temperature superconductors, as 
the experiments seem to indicate, but this violation is independent of the 
superconducting mass gap. It has been proposed in (TU] that the answer to 
this question may come from the magnetically-induced anomalous magnetic 
moment of the fermions (holons), which from an effective action point of view 
contributes a non-minimal term that violates parity and time reversal, as a 
result of the fixed direction of the external magnetic field. In |E] a more 
elaborate situation of an induced magnetic moment for fermions has been 
calculated, in a case in which the gauge field is considered four dimensional 
but strongly anisotropic. These calculations showed that there is indeed an 
induced magnetic moment for the fermions, which violates parity and time 
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reversal, scaling with the externally applied field in a way that can be tested 
experimentally. However, those results were not complete in the sense that 
the definition for the magnetic moment used was the one that is usually 
applied to the weak field case. 

In this article we complete the computation by considering the appropri- 
ate definition for the magnetic moment in both strong and weak fields. We 
consider only the case in which the field theory lives exclusively on a plane, 
and compute the corresponding anomalous magnetic moment for fermions 
in the case of magnetic fields applied perpendicularly to the plane where 
the fermions live. This computation has a field theoretic interest in its own 
right, independently of the possibility of applying the result to the physics 
of condensed-matter systems such as antiferromagnets and superconductors. 
As we shall see, the issue of the removal of infrared (IR) divergences by means 
of spectral decomposition of propagators is non trivial in this case. For these 
reasons we have written the article in a language suitable for field theorists, 
reserving a possible connection with condensed matter physics only for the 
conclusions. We intend to come back to a detailed condensed-matter analysis 
in a future publication. 

The structure of the article is as follows: Section 2 presents the compu- 
tation of the anomalous magnetic moment /xs in the usual case, i.e. in the 
limit of vanishing external field. This computation follows the well-known 
derivation in 3-1-1 dimensions, but needs more care in order to deal with a 
logarithmic IR divergence. This is done by using a spectral representation of 
the dressed photon propagator. This method, originally set up in |12|, cures 
the would-be IR divergence by taking into account a partial resummation of 
higher order quantum corrections and leads to a non-analytic dependence in 
the coupling constant. We discuss two separate cases: (i) weakly coupled 
gauge theories with a large (compared to the coupling) bare fermion mass, 
and (ii) strong coupling gauge models, with a small (compared to the cou- 
pling) dynamically generated mass of the fermions, in a large- A^/ treatment, 
with Nf the number of fiavours of four- component spinors. We also compare 
briefiy our results with some relevant results on induced magnetic moments 
in parity violating gauge models of anyons. Section 3 deals with the computa- 
tion of the anomalous magnetic moment in the presence of a strong external 
magnetic field. In this case we have to come back to the general definition of 
fiB using the fermion self energy computed with the non-perturbative fermion 
propagator in the presence of an external magnetic field. We will show that 
the anomalous magnetic moment can be defined in the lowest Landau level. 
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provided we are in the rest frame of the massive fermion. /i^ also exhibits 
a logarithmic divergence that is cured with the same spectral representation 
method as in Section 2. We also consider in this case the scaling of the 
anomalous magnetic moment with the strong magnetic field. For this we 
consider, for the fermion mass, the dynamical mass rudyn that is generated 
by the external field, using previous works E] where the dependence of 
TTidyn on the magnetic field was set up. Conclusions and a possible connec- 
tion of our results with the physics of high temperature superconductors are 
presented in Section 4. 



2 Magnetic moment in weak field 

In the case of a weak external magnetic field B, the magnetic moment fiB 
is defined as the coefficient of the first order, linear, interaction between 
B and the spin of the fermion /i^ can be found by computing the 

quantum corrections to the vertex V representing the interaction of Aj^^* 
with the fermion ip, which is taken as a 4-component fermion including the 
two flavours \E'i and \l/2 (see fig. ^a) ^). In the limit where the momentum 
flowing from the external field vanishes, the on-shell vertex reads: 

where Z is the quantum correction to the minimal coupling, m is the fermion 
mass, and g is the coupling to the dynamical gauge field ^. In this expression, 

■^It is understood that one should add to these (one-particle irreducible) graphs also 
one-particle reducible graphs (e.g. fig. H^c)), where the external fermion lines get self 
energy corrections, expressing the effects of wave function renormalization to the external 
fermion polarisation tensors. Such corrections are proportional to 7'^ and do not contribute 
to the anomalous magnetic moment part of the vertex (Q, which is linear in momenta 
{p + 'Z)''- This will always be understood in what follows, and it is valid for all ranges 
(strong, intermediate and weak) of both the gauge coupling and the external field. To be 
complete in our statements, therefore, we say that the sum of these graphs and those of 
fig. ^ yields formally the physically observable contributions to the anomalous magnetic 
moment. 

•^Throughout this work we keep g different from the real (three-dimensional) electro- 
magnetic coupling e. This allows for a straightforward extension of the present analysis 
to models of relevance to high temperature superconductors El El , where the statis- 
tical photon, distinct from the real electromagnetic one, expresses effectively magnetic 
interactions among the relevant degrees of freedom. 
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p, q are the momenta of the incoming and outgoing fermion, i.e. we consider 
the hmit p —* q. Using Dirac equation, the on-shell vertex leads then to 
the expected anomalous magnetic moment term in the effective lagrangian 

d,Ar, (2) 

which corresponds to a non-minimal parity-violating coupling generated by 
quantum effects. 

Before proceeding with the relevant analysis we consider at this stage 
useful to point out that in our model the limiting relativistic velocity vp oi 
the fermions and dynamical gauge bosons is not, from a physical viewpoint, 
the real speed of light c, but rather the velocity of the node of the fermi 
surface of an underlying microscopic condensed matter model j3 [71 E] whose 
low energy effective theory near the node is described by the "relativistic" 
gauge model under consideration. For realistic systems 13 IH E] one has 
(at most) vp ~ 10~^c, which means that in our system of units vp = 1 we 
have c ~ 10"^ (at least). This implies that |[7j in this model the real electron 
charge e is related to the effective three-dimensional charge e appearing in 
the model by 

e = e/c, (3) 

which in turn means that the physically observable value of the anomalous 
magnetic moment should be given by rescaling the value /is in (0) by 1/c: 

/^B = (4) 

This will always be understood throughout this work. 

In what follows we shall distinguish two cases: (i) a bare fermion mass, 
and weak gauge coupling g"^ <C m, (ii) a sufficiently strong gauge coupling 
g^, responsible for the dynamical generation of fermion mass m ^ g'^. In 
case (ii) the mass scales with the weak magnetic field 5, as shown in ^5], as 
a result of the well-known magnetic catalysis phenomenon ^Hj • 



2.1 Weak Gauge Coupling and Bare Fermion Mass 

We consider the Feynman gauge and assign the mass M to the dynamical 
vector field to regularize the integrals involving an infrared divergence. The 
latter will then be avoided using a spectral representation of the photon 
propagator. 
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The one-loop correction to the vertex (c.f. fig. C^a)) is, in the hmit of 
zero incoming momentum from the external field, 



^ 7 (27r)3 [(p+A;)2-m2]2[p-M2] ' 
For on-shell fermions, we have = m?, such that 

{[A; + (a; + y)pY — {x + yYm? — (1 — x — ?/)M2}3 

The vertex appears as ip fip in the Lagrangian, such that the momentum 
when appearing on the left or the right of the group of matrices 7'^, 7^", 7^* 
can be replaced by m since for on-shell fermions we have ^ = mip. One 
obtains then for the terms proportional to 

iiii X 2ig'^ , , f°° , 2 8^(1 ~ z)mpP ,_, 
dx dz dqE qET^, — n n , 777^' (') 



(27r)3 Jo Jx Jo [g| + z^m^ + (1 - z)M^f ' 

where Qe = + zpE is the Euclidean momentum and z = x + y. The 
integration over qe gives finally the following expression for the magnetic 
moment 

,<».(,„. M) ^ £^ /; ,.^,_,^(L^£)_^. («) 

Here the subscript (0) stands for the naive magnetic moment, where the 
infrared divergence at M = has not yet been taken into account. We will 
come back to this divergence after integrating over z and x for finite M. 

First, we can see that in the case m = and M 7^ 0, the integration over 
X, z is convergent and the anomalous magnetic moment vanishes: 

A^g^(0,M)=0. (9) 

But we are more interested by the case m 7^ and M = 0. For this we 
first keep M 7^ 0. We obtain then: /x^'* = [g"^ /2Ttm){Ji + J2) where, in the 
limit /3 0, Ji has a finite value and J2 contains an infrared logarithmic 
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divergence. We have, for any non-vanishing value of the parameter (3 = 




2X-/3 + 2^x^ + (1 - x)f3 



2'''V^7=p) 

J2= f'dx I = (l-/3)lnfl + 4^') . (10) 

Ix^ + (1 - x)f3 \ VPJ 



To avoid the divergence of J2 in the hmit M — we proceed as in ^2], 
where the authors compute higher-loop corrections to the photon and fermion 
propagators in massless QED3. Instead of the bare photon propagator that 
was used in Eq.®, we consider the following spectral representation of the 
dressed propagator for massless gauge boson 

= 9.^ r dM^^^, (11) 

where the weight p(M) includes the quantum corrections. It is known that 
the one-loop vacuum polarization is [T7j 



where k = yk"^^ such that, in the limit of small momentum k 

D,M = (13) 

OTT 

Note that there is no branch cut problem in the complex plane k: the propa- 
gator ()13|1 is an approximate one and the only pole that occurs when taking 
the full polarization tensor (fT^ into account is for = 0. Note also the non- 
perturbative nature of the infrared quantum corrections since g^k » k"^ 
when k ^ 0. 
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To take into account the correction (|13|) for small momenta, which is 
sufficient to cure the IR divergence, the function p(M) should be taken as 
follows: 



9L 

,r2 



P(M) = _ (14) 

+ (£) 

Taking higher order correction with this method cures the infrared di- 
vergence of the magnetic moment since the former is logarithmic and thus 
integrable. The expression for the anomalous magnetic moment for massless 
gauge boson is thus given by 

/iB(m,0) = r dMp{M)fx^^\m,M) (15) 
Jo 

= / dMp{M){J,{m,M) + J2im,M)}. 

ZTcm Jo 

Since the weight p is normalized, i.e. dMp{M) = 1, we have 

PB{m,0) = ^\jiim,0)+ r dMp{M)J2im,M)] + Oigymf, 
ZTrrn I Jo J 

= -— + 7^rdMpiM)J2im,M) + Oigym)\ (16) 
vrm zvrm jo 

where 0{g'^/m)'^ are higher order terms in g'^/m. An expansion in powers of 
g'^/m leads then to 

J^"^ dMp{M)Mm,M) = -\n(^-^£-^ +0{gym), (17) 

where we used the identity 



dVTT^ = • (18) 



Finally, the divergence-free anomalous magnetic moment is, in the case 
of massless dynamical gauge field and massive matter field m 7^ 

f^Bim, 0) = + In f + OigymY. (19) 

vrm zvrm \ g J 

Note that, as expected from this spectral representation method, the would- 
be infrared divergence is cured by the non-analytical dependence e In e in the 
dimensionless coupling e = g'^/m. It is understood that the rescaling (jlj) is 
in operation if we wish to compute the physically measurable value. 
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2.2 Strong Gauge Coupling and Dynamically Gener- 
ated Fermion Mass 



In the remainder of this section we would hke to discuss briefly the case where 
g"^ ^ m, which is the case where one has a dynamically generated mass. This 
case is also of great physical interest due to its direct application to high 
temperature superconducting models jSl El- A complete treatment of this 
case is not yet available, nevertheless one can get a consistent and satisfactory 
for our purposes treatment within the so-called large iV-approximation fl7\ 

HHiiini. 

To this end, we assume there are Nf four-component fermionic flavours, 
and one flxes the dimensionful gauge coupling of the statistical gauge fleld 
(not the real electromagnetic one) as: a = Nfg'^/8. The large- treatment 
follows by letting Nf oo while keeping a flxed (large but flnite) Notice 
that in this way one introduces the ratio of the bare coupling g"^ over the flxed 
scale a, g^/a oc ^ 1 as a small dimensionless expansion parameter in 

the analysis, and hence one can follow the spectral representation method 
described above which is strictly valid for weak (dimensionful) coupling g"^. 
However, we stress that, as compared with the dynamically generated fermion 
mass m, the flxed scale a/m ^ 1, hence this is not an expansion parameter. 

To leading order in resummed one loop (leading 1/Nf) analysis one ob- 
tains a modifled statistical photon propagator: 

with n(/c^) ~ cia/k + 0{1/Nf), to leading order in where ci is a nu- 

merical constant {Nf dependent) computed in [TH]. This implies a dressed 
photon propagator with softened infrared behaviour which is formally sim- 
ilar to (fT^ upon the substitution of g^ by the flxed scale a, however here 
the result resums one loop corrections, and hence is an improved version 
appropriate for strong coupling. 

The dressed fermion propagator is: 

S(p) = ^ ' # + (21) 
A(p) — m?{p) 



^In the physical models of PIE] Nf = 2, which is within the range of iV, A''^ ~ 3 — 4 [18| 
that allows dynamical fermion mass generation m <^ a. 
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The fermion wavefunction renormalisation A{p) has been worked out in large- 
treatments ^H), and in fact there are ambiguities as to whether it should 
vanish as p — *^ PQ^]. However, as we shall discuss below, the explicit form 
of A{p) will not be relevant for our purposes, due to the fact that the A{p) 
factors cancel out in the expression for the statistical-photon dressed electro- 
magnetic vertex function, as a result of the use of dressed vertex functions 
for the statistical photon [TH], T'^{p,q,k) = iliPJi-di^J^M^ where p,q refer to 
fermion lines. 

Indeed, the electromagnetic vertex function used for the computation of 
the magnetic moment in the model with a statistical and a real photon, reads 
in the infrared regime, where p — q, k —>■ 0, which is the region responsible 
for the dominant contributions to the magnetic moment: 

(22) 

where C2 a numerical coefficient, of (9(1), and above we have explicitly demon- 
strated the 1/Nf dependence of the corrections to the electromagnetic vertex, 
which is due to the fact that, in contrast to the case of fermion loops in the 
l/A^j-corrections to the statistical photon propagator, there is no summation 
over internal fermion lines at the vertex involving the real electromagnetic 
field. Thus the corrections are proportional to the coupling g'^ = 8a/ Nf and 
not to the fixed scale a. In the infrared limit p — k ^ p one can easily infer 
from (PT|) the above-mentioned cancellation of wavefunction renormalisation 
A{p) factors. Notice that this is due to the fact that the real electromagnetic 
vertex in (j22j) is not dressed, in contrast with the statistical photon vertex, 
since -C a. 

In the approximation where m{p) ~ m(0) = m one then obtains an 
expression for the vertex formally similar to (0), with the improved pho- 
ton propagator (pUj). which is obtained from (fT^ upon replacing g'^/Gir by 
Cia. Then, applying the spectral representation technique, used previously 
(|li p .(|14j ) . with the above replacement, we arrive at the expression (|15|) for the 
magnetic moment, with the important difference that now it is proportional 
to a/mNf <C 1, a.s Nf ^ 1, where m denotes the dynamically generated 
mass PHI- We note here that the analysis of ^3], using also preliminary 
quenched lattice studies, have indicated a quadratic scaling of the dynamical 
fermion mass with the weak field B, for strong and intermediate statistical 
gauge couplings g in the model, m/g^ = const + C(^-i-), for eB -C g^, 
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but this still need to be confirmed by more complete lattice analysis using 
fully dynamical fermions. However, the analytic results (|15|) on a non trivial 
/is in the limit of vanishing field intensity B —>■ derived above for strong 
and intermediate statistical gauge couplings are expected to hold, at least 
qualitatively. 

As remarked earlier, for weakly coupled gauge theories, the spectral rep- 
resentation analysis of p!2|, developed through one- loop Feynman graphs, 
proves sufficient in dealing with the infrared infinities of higher-order (in g'^) 
graphs, beyond one loop. This is due to the smallness of the coupling g^, as 
compared with a typical momentum (or mass) scale in the problem, which 
allows for a consistent perturbation expansion over g'^/m to be developed, 
that softens the infrared infinities of the higher-order graphs to logarithmic. 

Fortunately, such a cure of higher-order infrared infinities is also true 
for our large-iV strongly coupled gauge theory studied in this subsection. 
Indeed, in this case, although a/m ^ 1, where m is the dynamically gen- 
erated fermion mass fTli I18j . and hence is not a good expansion parameter, 
infrared divergent higher-order graphs are of order and hence sub lead- 

ing in the limit Nf ^ 1. The self-consistency of the leading order large- iV 
treatment [TH], then, can be used as an argument supporting the qualitative 
conclusions drawn from the leading order analysis above, as far as the mag- 
netic moment calculation is concerned ^. Of course, a more complete method 
in dealing with the problem is still needed for quantitatively detailed com- 
putations to be in place ^, but this falls beyond the scope of the present 
work. 

The anomalous magnetic moment fiB ()15|) is well-defined from the point 
of view of (infrared or ultraviolet) divergences, and can be computed nu- 
merically; In a large- treatment, to leading order in jIHlj and for 
weak external magnetic fields, the dynamical fermion mass is considered as 
constant, although, as we mentioned above, in actual situations there are 

^In fact, studies of higher-order 1/7V^ corrections ^Hl have shown that their effects, at 
least on the dynamical mass generation, are small (of the order of 20%), so that reliable 
qualitative information on the phase structure of the model can be inferred from a leading 
order 1/N analysis. 

^This is especially because of unresolved ambiguities as far as the behaviour of the 
fermion wavefunction renormalization A{p) in the infrared limit is concerned. For instance, 
improved Schwinger-Dyson approaches jl] combining large-A'^ treatments with the use 
of pinch techniques [201 show a singular behaviour of A{p) as p — *■ 0, in contrast with 
conventional large- treatments jJSlj where A{p) is either regular or goes to zero in this 
limit. 
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corrections to this constant value, exhibiting a non-trivial (quadratic) scal- 
ing with the magnetic field . From (jl5j) we then obtain for the observable 
magnetic moment: 

f^B{Nf)= dy^--— {My') + My')) (23) 

cNjmH^ Jo y^ + (^)^ ^ ^ 

where y = M/m, and Ji,2 have been defined in (fTTH) . In c is the real 
speed of light, which in units of the fermi velocity we are working on in 
this paper is c ~ 10^. As stressed in the beginning of section 2 (c.f. Q), 
this suppression factor is essential to yield the correct order of magnitude of 
the physical magnetic moment in our system of units, which is defined as the 
response of the system to an external electromagnetic field, whose magnitude 
is normalised with respect to the real speed of light. 

The integration over y is finite, as can be easily seen, in both the ultraviolet 
and infrared regimes of ?/ ^, and the result can be computed numerically. 
Formally, therefore, /is is of order 1/iV/, which is small as long as Nf ^ 1. 

The problem is that in practice a/m ^ 1, since Nf ~ 2, and in large 
N treatments m ~ q,q'^+^^'^'^/V^^^J^^7-^ ^ where 6 is an arbitrary phase, not 
determined to leading order in expansion [13 HHj, 3 < A^c < 4, and 
Nf < Nc for dynamical mass generation. In order to obtain a physically con- 
sistent result within the 1/iV/ expansion, the anomalous magnetic moment 
must be a small number, much smaller than 2S (=1 for fermions with spin 
S=l/2, where 2 is the gyromagnetic ratio), which, however, does not follow 
in practice from the leading order results in 1/Nf, as far as the order of m is 
concerned [HI UHl d] , unless one selects unnaturally large values of the phase 

^The integrals are manifestly infrared (y — > 0) finite, the potentially dangerous ultravi- 
olet {y — > oo) divergent terms coming from the O + 2)) and logarithmic terms of 
Ji in IjlUII upon integration over y/P = y, weighted by terms of the form + (a/2m)^). 
The dangerous terms are of the form: Ii + I2, where Ii — 3 f^dy f^ ^a^^ ^2) 
and I, = /-dy,^-,^^^ln(^). To treat their ultraviolet divergent parls prop- 
erly, we make use of the identity H18|l in I2, which yields for the divergent parts of I2: 
jidiv) _ I J^^^ dyln {1 — — ~ ly^A '^yy ^ ~lnA, with A an ultraviolet cutoff for 
(the pure number variable) y. In a similar spirit, the ultraviolet divergent parts of Ii is 
treated properly by first changing integration variable y x = y^, and then approximat- 
ing the denominators by going to large x. This yields /i(div) — J^^^dx/x = InA, using 
the same ultraviolet cutoff A for pure numbers. Therefore, the ultraviolet infinities cancel 
out exactly in /i -I-/2, yielding an overall finite result for /zb(-^/), in a large- framework. 
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S. This is the main reason why one should go beyond the large-N treatment 
in order to get quantitatively reliable results for /i^, e.g. via pinch [201 U] 
or other non-perturbative techniques, which however lies beyond our scope 
here. For us, the above large- computation of /i^ demonstrates (formally) 
a finite sub leading result, of order 1/Nf in the limit of Nf ^ 1 and vanishing 
magnetic field, which is sufficient for our purposes in this work. 

For our purposes, therefore, we can borrow at this stage results from lat- 
tice treatments jT3j of QED3, for the case of Nf = 2, according to which 
m/a ^ 0.48, which also agrees in order of magnitude with the upper bound 
for the dynamically generated fermion mass determined by the pinch tech- 
nique approach PP. Substituting this value into (|23|) we then obtain an 
estimate of the induced anomalous magnetic moment: fi^^^{Nf = 2) = 
O{10~^) < 1 for the physical value Nf = 2. Notice that the smallness 
of the physically observable anomalous magnetic moment justifies the large- 
N approximation in our model, and is due to the large value of the real 
speed of light c ~ 10'', which furnishes additional suppression factors in the 
realistic case where the fermion flavours are Nf = 2. In fig. |21we plot the in- 
duced anomalous magnetic moment (j23p versus a/m, for vanishing external 
field. The result points towards a quadratic dependence on this parameter 
liB oc [a/m)^, at least in the regime of interest in this work. 

2.3 Comparison with an Anyon Model 

Before closing this section we would like to contrast this result on the anoma- 
lous magnetic moment within a large-A^ treatment of our parity invariant 
QEDa-like model, with a corresponding computation in an anyonic model in 
three- dimensions [21] • There, the authors using again a spectral representa- 
tion of the photon propagator, obtain the anomalous magnetic moment to 
leading order in 1/A^ for their model, which is different from ours in that it 
consists only of a single Abelian gauge field interacting with 2N + 1 fermion 
species, in the presence of an Abelian Chern-Simons (CS) term for the gauge 
field, with a coefficient k. In such a case, with intrinsic parity violation due 
to the dynamical CS term, the anomalous magnetic moment is essentially 
determined by the parity-violating parts of the dynamical gauge boson prop- 
agator, which are absent in our parity conserving case. The important thing 
the authors of [21] find is that, in the limit where the coefficient k, of the 
CS term is very large, the induced corrections to the magnetic moment are 
of order l/rriK, where m is the bare fermion mass in their model. In fact. 
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the result of the large- computation of [21] indicates a quantum corrected 
magnetic moment u = — + -), which, with S = ^ + - identified as the 
spin of the anyon field [221; iinphes an exact (to leading order in 1/N) gy- 
romagnetic ratio g = 2 for anyons. This result is in agreement with general 
arguments [22] that the gyromagnetic ratio of an anyon system should remain 
2 to all orders in a quantum treatment of localised anyon fields. Indeed, in 
the limit where e^n ^ m, where e is the gauge coupling, the anyon is viewed 
as a point charge, surrounded by a gauge field cloud of size which col- 

lapses onto the charge, and such a system of charge-cloud composites display 
a fractional statistics. 

In our case, things are entirely different. We have no anyonic fields to 
start with, hence no parity violating parts in the dynamical gauge boson 
propagator, and our fermions are ordinary fermions, exhibiting non trivial, 
but l/Nf suppressed, corrections to their gyromagnetic ratio ()23|) . responsible 
for the appearance of a parity violating term in the effective lagrangian ([2)). 
This term, however, vanishes when the external field is turned off. This is 
therefore not an intrinsic effect, like the one induced by the parity violating 
CS term in the anyon case, but an extrinsic effect, which is induced by an 
external electromagnetic field that has no dynamics, and certainly no CS 
term. Of course the direction of the magnetic field breaks time reversal, and 
hence parity in our relativistic system (due to CPT theorem), but this is an 
extrinsic breaking. The induced anomalous magnetic moment, although non 
zero when the field is turned off, however, does not couple to the statistical 
gauge field so as to imply non trivial interactions of a permanent parity 
violating nature (after the switching off of the field). The effects go away 
when the external magnetic field is switched off. Another important point 
to notice is that, unlike the anyon case, the sign of the induced magnetic 
moment is the same for all 2Nf two-component fermionic flavours, while 
their masses alternate sign {Nf two-component fermions have masses m and 
the remaining Nf have masses — m). This completes our discussion on the 
comparison of our results with the anyonic case. 

Our analysis in this work deals with parity invariant QED3 models with 
one type of statistical gauge coupling among the fermions. This has appli- 
cations to one approach to high temperature superconductivity [4^. Similar 
conclusions, however, are expected to hold in other parity invariant effective 
gauge theories of high temperature superconductors of the so-called rs-QED 
type [3 HI, where the abelian statistical gauge field is the U(l) unbroken 
subgroup of a spin SU(2) local gauge group, and couples to the pertinent 
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fermion species with opposite sign couplings, expressing the underlying an- 
tiferromagnetic structure of the microscopic model. We reserve a detailed 
discussion of such issues for a forthcoming publication. 

This completes our discussion on the weak magnetic field case. We next 
proceed to discuss the effects of a strong external field on induced corrections 
to the magnetic moment in our model, which as we shall show scale non- 
trivially with the external field. 

3 Magnetic moment in strong field 

If we consider a strong external magnetic field, the magnetic moment is 
defined by computing the fermion self energy j2Sl (see fig. ^b) ^). For 
a magnetic field B (and coupling e) in the direction perpendicular to the 
plane, the fermion self energy is then connected to the anomalous magnetic 
moment /is by the relation (apart from some phase factors, as will be seen 
further on) 



where Sm corresponds to the correction to the mass and the term in paren- 
theses denotes the projection of the spin on the axis of the external mag- 
netic field [16j, with the dots representing terms including 7^,7^. Note that 
both fiB and 6m depend on \eB\. In this definition one can recognize the 
anomalous magnetic moment term leading to the Pauli equation in the non- 
relativistic limit (we remind the reader that, in our approach, its physical 
value is determined by the rescalings Q, ©)• Then we can compute T,on-sheii 
as a loop expansion, using for the fermion propagator the proper-time rep- 
resentation set up by Schwinger [21] . This representation allows to take into 
account the non-perturbative interaction of the fermions with the external 
magnetic field. In the weak field limit, this interaction is perturbative and 
consists only in one photon propagator insertion, i.e. the definition of fiB 
using the vertex (|T)) is recovered. 

In the case of a strong magnetic field \eB\ » m?, where m is the fermion 
mass, it is sufficient to consider fermions in the lowest Landau level (LLL) 

^We remind the reader that our comments in the beginning of section 2, on the ad- 
dition to these irreducible loop corrections of reducible graphs expressing wavefunction 
renormalization of the external fermion lines (e.g. fig-^c)), but not contributing to the 
magnetic moment, remain intact in the strong-field case as well. 




(24) 
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only. We will discuss later the question of definition of the anomalous mag- 
netic moment in the LLL. 

We consider the gauge A'^^^{x) = (0, —BX2/2, Bxi/2). The LLL fermion 
propagator is [T^ : 

S'^ix^y) = exp{zea;M^^*(i/)}5(x-y) 

with ^^(p) = texp |-^| + "^ (1 - i^^^hign{eB)), (25) 



where p± = (pi, ^2)- From now on, unless exphcitly stated, we take sign(ei?)=l. 
The one-loop fermion self energy is given by [23 



(26) 



^{x,y) = ig -f^S{x,y)YD^^{x,y) 

J (27r)^ ' 
where D^^, is the bare photon propagator and 

m = ^g' J ^3^'^{k + p)YD,Ak). (27) 

Note that, due to the projector (1 — Z7^7^), the propagator S'^^p) given in 
Eq.(j2Hl) has no inverse. For this reason, in the studies of dynamical symmetry 
breaking by a magnetic field in the LLL approximation one cannot use 
a self-consistent Dyson-Schwinger equation involving the inverse of fermion 
propagator. In our case, since we are not dealing with a self-consistent equa- 
tion but we are computing a one-loop correction, we can use the expression 
(j2Sl) which involves S only. From this last equation we have 

S(p,g) = J d^xd^ye-'P''-'''yE{x,y) 

= j Sye-'y^^'+'^^t{p-eA^''\y)), (28) 

which is the correct expression of the fermion self energy in momentum rep- 
resentation. For the anomalous magnetic moment though, it is enough to 
consider the computation of T^on-sheih since hb is defined as a proportion- 
ality constant which is not infiuenced by the phase gauge- dependent factor 
exp{iea;yl^^*(?/)}, as can be seen from Eq.(j2ni)- 
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Taking into account Eqs. (j25j) . (j27p . we obtain in the Feynman gauge 

^^^^ = -^^ y (2^^"pi — 

where, as in the previous section, we assign the mass M to the photon. 
This last expression can be written, when S is on-shell, 

~ g'^m /■ 2, J k"^ ' 



(29) 



-'on— shell 



(2.)3y^^^--Pi-^| (30) 

V rlr rlk 7^ [(1 - x)7° + 1] (1 - ^7^)7^ 

Jo J-oo '"'\ki + x^m^ + {l-x){kl + M^)Y' 



oo 



where ik^ = ko+xpo and the on-shell condition (po = m,p± = 0) was used (we 
remind that the energy of the nth Landau level satisfies = m? + 2n\eB\). 
This on-shell condition is not Lorentz invariant and this is the price to pay 
to define the anomalous magnetic moment in the LLL. It has indeed been 
pointed out in [221 12S1 12Z] that no anomalous magnetic moment in the LLL 
can be defined in a Lorentz invariant way. These authors used the equation of 
motion of the fermion for the on-shell condition, which is obviously Lorentz 
invariant. As a consequence, all reference to 7*^ disappears in the LLL and 
they can only define the mass shift. In our case, this mass shift corresponds 
to the term which remains after taking the trace of Eq. ()30|l . 
The integration over k-^ is straightforward and gives 




d'^k^expl--^} (31) 



167r2 J [ \eB\ 

^^_7'^[(l-a;)7° + l](l-^7V)7/. 



■'on— shell 



' {x^m^ + (1 - x){kl + M2)}3/2 • 

One can see that, in the limit M —>■ 0, a. logarithmic IR divergence will occur. 
This divergence will be treated in the same way as in the previous section. To 
this end consider first the naive magnetic moment derived from the definition 
(j211). The quantity T^on-sheii can be written as 

\eB\ 

T^on-shell = 5m + jJLB— — 7^(1 + 3^7^^) 

Im 

= 5m- AiB^7° ([1 - nS'sign(e5)] - 2[1 + i^^^\ign{eB)]) (32) 



17 



Note that in the last hne we have re-written the right hand side in such a 
way so as to make clear that, when one calculates on-shell quantities enter- 
ing the expression for the anomalous magnetic moment (see below), terms 
proportional to 1 + i7i72sign(e-B) do not contribute, because in the LLL 
approximation the spin is polarised along the magnetic field ^H] ■ 
The anomalous magnetic moment fiB is then 

^g)(m,M) = ^ rdue-- 
Svr JO 

^ L '^^{xV + (1 - x)(M|eE| + M2)}3/2- 

We first note that in the case m = and M 7^ 0, the integration over x 
converges and the final result for the magnetic moment gives ^Ji'si'^-i ^) — 0- 

In the other situation, where m 7^ and M ^ 0, we first consider M 7^ 
and write 

^) = ^ r II ^^x2+(i-x)(i+/3)}3/2' 

where a = \eB\/m? » 1 and /3 = M'^/m?. 

We first perform the integration over u, using the fact that a >> 1: we 
can approximate 

00 2; 

due"^- 



{x2 + (l-x)(aM + /?)}3/2 

0' ' ^x2 + (l-x)(l + /?)}3/2 + ^^^/"^''^ 
2/« , AO/1 /„a3/2 



= + 0(l/ay^\ (35) 
+ (1 - x)(3 

The remaining integral over the Feynman parameter x gives then for any 
non- vanishing (3 

(0) , N Q^'nT' , /2m-|-M\ , , — ,n , , 

Ix^S (m, M) = In j + 0{ml^f. (36) 

Finally, the divergence- free anomalous magnetic moment fiB{nT',0) is ob- 
tained with the same method as in the previous section: 

UBim.Q) = r dMp{M)^i%\m,M), (37) 
Jo 



18 



where p{M) is given by Eq. (jl4j) . We neglect here the influence of the magnetic 
field on the fermion loop, which corresponds to higher order contributions. 
For the integration over M, we consider two cases which are relevant: 

• in the limit «m: 

/ig^ 0) = TTm 1^ + ^O^'M ; 38 

ATi\eB\ \ g / 



in the limit m « g 



2. 



*.gV. 0) = 4^ 1 1 - 1. U + (39) 




Note that among the three mass scales (^|ei?|, (?^, m), \J\eB \ is the largest 
one, such that /i^ is always perturbative. Once again, we remind the reader 
that in order to give the physically correct order of magnitude, at least for 
potential applications to the theory of high temperature superconductivity, 
we should use the rescaling (jSI),©- 

We shall conclude this section by discussing the scaling of the anomalous 
magnetic moment with the externally applied magnetic field B. It was 
found in jH] that the fermion mass generated dynamically in the presence of 
a strong magnetic field is 




may^^Cg'\n\^-— \ , (40) 



where C is a constant. This dependence has been seen numerically [T3] . 
where it was found that C ~ 0.06. 

Let us define the dimensionless magnetic strength h = J\eB\/g'^. The 



lowest Landau level approximation assumes that rridyn << y\eB\, which 
from Eq. ()40|) and in terms of b reads 

Clnb«b. (41) 

This is always the case, independently of the strength of the coupling g. 
Making the identification m = rridyn in the integral ()37|1 . we obtain the 
following expression for 6-dependence of the anomalous magnetic moment 
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(using the rescaling in order to give the physically correct order of 

magnitude): 

1 C \nb , In(x + Kln6) , 

Mb) = -TT^-iJ- / dx \ ^ 2 ' 42 
c 27r^ 0'^ Jo 1 + x^ 

where the constant is k = 12ttC ^ 2.26. We plot the c-unscaled anomalous 
magnetic moment Cfisib) versus b in fig. IHl We observe that the anoma- 
lous magnetic moment first increases very quickly for 1 < 6 < 2 to reach a 
maximum when 6 ~ 2, and then decreases as 1/6^ for b > 2. 

This behaviour can be tested experimentally, in case we apply such the- 
oretical models to the physics of high temperature planar superconductors 
or, more generally, planar doped antiferromagnets. We reserve a detailed 
analysis of such physical applications for a future publication. However, for 
completeness we would like to give at this stage an estimate of the magnetic 
field for which the maximum of the anomalous magnetic moment occurs in 
the QED-like model for high temperature superconductivity of [7j. In those 
works we have a relativistic gauge system of nodal holon fermions coupled 
to a statistical gauge field, with a nodal velocity (playing the role of the 
speed of light) hvp = 5 ■ 10~'^c, where c is the real speed of light. The sta- 
tistical gauge coupling g"^ is estimated to be [7] ~ AnrjJhvp, where rj is 
the doping concentration in the sample, and J is the Heisenberg magnetic 
interaction. For maximum doping concentrations of order 10%, we have [7]: 
TjJ ~ (9(10) meV, from which we obtain the estimate: 

~ 6.3 ■ 10"^^ GeV (43) 

Thus, the maximum of /i^, which, as we infer from fig. El occurs for b = 
^ eBj ':=L 2, is attained for magnetic fields of order i? ~ 6 ■ 10~^ Tesla = 
0.06 mGauss. These are still large compared to the order of the magnetically 
induced mass gaps (j40p of fermion excitations at the nodes of this specific 
model j7j. Note that in condensed matter situations one uses external fields 
usually from the mGauss range up to 10 Tesla |7j. 

Experimentally, therefore, in order to test the predictions of this analysis 
on [iBi should the model be realised in nature, one should look at excita- 
tions near the nodes of the superconducting gap, within the superconducting 
(holon gapped) phase of a high-temperature superconducting planar mate- 
rial, and vary the externally applied magnetic field around the very low range 
of 0.06 mGauss. According to the model presented here, then, one should 
observe (c.f. fig. Ej) a sharp increase (by an order of magnitude) and even- 
tual decrease of the induced anomalous magnetic moment of the nodal holon 
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degrees of freedom. For larger magnetic fields, of the order often used in 
condensed matter applications, that is up to a few Tesla, the induced /i^ is 
considerably smaller, and there is a smooth dependence on the field inten- 
sity, as shown in fig. El We intend to come back to a detailed analysis of 
such issues, in the context of realistic condensed matter models, in a future 
pubhcation. 

4 Conclusions and Outlook 

In this work we have discussed the anomalous magnetic moment of fermions 
in parity conserving QED3, induced by the application of external fields. 
The induced term scales non trivially with the magnetic field, and when the 
latter is turned off to zero, one is left with a non trivial residual magnetic 
moment ()19|) . On the other hand, in the presence of a strong field the induced 
magnetic moment scales non trivially with the field's intensity ()38|) . ()39|) . 

These results may be of relevance to the physics of high-temperature su- 
perconducting materials, where, upon the application of a strong external 
magnetic field one observes indication for parity violation. In our model 
above we did not specify the physical nature of the dynamical "photon", 
which thus could be the statistical gauge field of [3 13 E] representing mag- 
netic interactions (pairing) causing superconductivity. In fact we have been 
careful to keep its (three-dimensional) coupling g'^ different from the elec- 
tromagnetic charge e appearing in front of terms pertaining to the external 
field. 

The induced parity violation is due to the magnetic moment term and 
not due to the mass gap of the fermions, which remains parity invariant. The 
derived scaling with the magnetic field can be tested experimentally. More- 
over, the way we derived such a scaling, by means of inserting a mass for the 
dynamical "photon" in order to regularize IR divergences acquires itself a 
physical significance, once we apply the model to the physics of planar super- 
conductors. Indeed, in models such as IHIIT!, the statistical "photon", which 
in our discussion above appears with a coupling (7^, may become massive 
(with a non-perturbatively small mass) in the pseudogap phase, due to non 
perturbative effects [H], while it is exactly massless in the superconducting 
phase. The different scaling of the induced magnetic moment of the holons 
then between the two cases (c.f. [((HI), (ISHl)] and [ (P^ . (jnH| ).(|n ^ ]). discussed in 
this work, may provide a way of testing such models experimentally. 
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There are many issues that we should look at in the near future. First 
of all, one should use realistic effective theories of high temperature super- 
conductors, including the effects of holons. In a recent work ^ we have 
conjectured that there are regions in the parameter space of the condensed- 
matter models where spinous and holons exhibit (extended) supersymmetric 
dynamics. The physical degrees of freedom in such models are composites 
of spinous and holons, and they themselves exhibit supersymmetric spectra. 
In such cases one has both bosonic and fermionic charged excitations, which 
can both couple to the magnetic field. However the presence of the field 
breaks supersymmetry explicitly, due to the different ways by which bosons 
and fermions couple to a magnetic field. It would be interesting to study 
the induced magnetic moment in such broken supersymmetric cases, espe- 
cially from the point of view of scaling with the external field. In fact, in 
four-dimensional particle physics, such computations reveal important sig- 
natures of supersymmetry, which can distinguish the Standard Model from, 
say, the Minimal Supersymmetric one. In a similar spirit, we expect in three 
dimensions important differences between the supersymmetric and non su- 
persymmetric composite field theories describing the effective dynamics of 
(some regions of the parameter space of) antiferromagnets, which could be 
accessible to experiment. We plan to discuss such issues in the near future. 
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(a) 




(c) 



Figure 1: One-loop graphs used for the computation of the anomalous mag- 
netic moment. The fermions are represented by a continuous line, the dynam- 
ical gauge boson by a wavy line and the external field by a dashed line, (a) In 
the case of a weak external magnetic field, the fermion self energy corresponds 
to the vertex correction since there is only one external photon insertion, (b) 
In the case of a strong magnetic field, the fermion self energy corresponds 
to an infinite series of graphs, where one sums over the external field propa- 
gators. This summation is taken into account by the Schwinger proper-time 
representation of the fermion propagator in a classical electromagnetic field. 
(c) Self-energy corrections to the external fermion polarization spinors. Such 
reducible graphs should be added to (a) or (b), but are proportional to 7^, and 
hence do not contribute to the anomalous magnetic moment. They provide 
finite renormalization of the vertex, canceling the terms proportional to 7'^ in 
(Qp. The dark-filled semicircles indicate dynamical gauge boson corrections 
with ((b)) or without ((a)) external field lines. 
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Figure 2: The (c unsealed, for elarity in the plot) anomalous magnetic mo- 
ment versus a/m, for vanishing external field. The plot shows a quadratic 
dependence on a/m. The physical values are obtained by the rescaling 
with c ~ 10^, and yield reasonable, smaller than one, values for fi^^'^ in the 
physical regime of fermion masses m/a ~ 0.48. 
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Figure 3: The anomalous magnetic moment versus the dimensionless field 
strength b shows a maximum for 6 ~ 2. 
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